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For transform (23) they are 

/oTr if pr-->0, 
Pr= , , ,  if pr<0.  

(45) 

Finally, we are to pass to the gradient of R with 
respect to the variables {~,}, with both the direct 
dependence between R and {q~,} and the complex 
dependence between p and q~ taken into account: 

~ =___~O R = t~s+ ~ OR ap, 
a~s r~U. apr a~s 

= q ~ , + I m { B ,  e x p ( - i e , )  E P~ 
r~ U o 

× exp [21ri(s, r)]}, s ~ So. (46) 

It is easy to see that the chain of transforms (37)-(46) 
requires as much computation as the chain of trans- 
forms (32)-(35) needed to compute the criterion 
R(q~). 

4. Efficiency of the algorithm 

In conclusion, we shall discuss the efficiency of our 
algorithm compared with the known methods. For 
the transform p(r)--> A[p(r)] applied to atomic sepa- 
ration or a function with a finite number of values, 
and for the transforms (22) and (23) the steps (33), 
(35), (37) and (39) need too little time to be compared 
with the Fourier transforms (32), (34), (38) and (46). 
Therefore the computation of R and V R is here 
reduced essentially to the four FFTs, as in the Sayre- 
Toupin case. 

The transforms (18) and (43) may be less efficient 
than p--> p2, as they sometimes require to interpolate 
the values of p to points Gr + t, not at the grid points. 
The speed of such transforms does not, however, 
exceed that of FFTs, so the entire computational cost 

increases only by less than 1.5 times compared with 
the Sayre-Toupin algorithm for (9). 

If we compare our algorithm to the method of 
electron density modification, we can see that the 
function R and the gradient V R require approxi- 
mately twice as much computation as the modification 

--> P--> 9' .  But in this paper we have used the com- 
plete system of equations (5)-(6) and avoided the 
shortcomings of the method of simple iteration men- 
tioned in the Introduction. 
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Abstract 

The strong tendency to aggregate of coat protein 
molecules of  simple plant viruses has been represen- 
ted by means of self-assembling molecular models. 
These models are made of ferrite magnets and are 
similar to molecular models designed for the purpose 

0108-7673 / 85 / 060556-04501.50 

of simulating crystal structures. Capsid structures of 
isometric viruses are simulated by assembling dipolar 
spheres. The double-disk and helix structures of 
tobacco mosaic virus protein are simulated by assem- 
bling dipolar molecular models in a characteristic 
shape. 
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Introduction 

In this series of papers (Kihara, 1963, 1966, 1970, 
1975; Kihara & Sakai, 1978; Kihara, 1981; see also 
Kihara, 1978) crystal structures of multipolar 
molecules have been treated. The electrostatic multi- 
polar interaction between molecules is replaced by 
magnetic interaction between molecular models; the 
models are made of barium ferrite magnets and plastic 
pieces. A structure into which these models are 
assembled simulates the actual crystal structure. 

The present paper is devoted to assemblies of 
dipolar models of protein molecules for the purpose 
of simulating capsid structures of plant viruses. 

It has long been known that many virus infections 
cause the production, besides viruses, of virus-like 
particles lacking most or all of the nucleic acid. About 
one-third to one-fifth of the particles found in a turnip 
yellow mosaic virus (TYMV) preparation isolated 
from infected leaves are empty protein shells. These 
contain no RNA but otherwise are identical in struc- 
ture to the protein shell of the infectious virus (see, 
for example, Matthews, 1981). 

The protein molecule of tobacco mosaic virus 
(TMV) can aggregate in solution with pH = 5-6 to 
form a rod-shaped helical structure similar to the 
virus (Durham, Finch & Klug, 1971). Many other 
plant viruses do not form empty protein shells; but 
the coat protein can be assembled in vitro around a 
definite amount of any nucleic acid. For example, the 
protein from isometric cowpea chlorotic mottle virus 
(CCMV) has been shown to aggregate around TMV- 
RNA to form particles of similar appearance (Verduin 
& Brancroft, 1969). 

It is thus evident that the coat protein molecules 
of these viruses have a strong t e n d e n c ~ a t e  
in a s p ~  and surprisingly firm manner. 

Fig. 2(a) shows an isometric structure composed 
of 12 pentamers; Fig. 2(b) shows a structure com- 
posed of 12 pentamers and 20 hexamers. These struc- 
tures simulate typical virus capsids made up of 60 T 
molecules with the triangulation number T = 1 and 
3, respectively. [For TYMV with T = 3, see Finch & 
Klug (1966); Mellema & Amos (1972); Jacrot, 
Chauvin & Witz (1977). For CCMV with T =  3, see 
Home, Hobart & Pasquali-Rochetti (1975).] All the 
capsid structures with the triangulation number T = 1, 
3, 4, 7, 9 , . . .  (Caspar & Klug, 1962) can thus be 
simulated by composing pentamers and hexamers of 
the dipolar spheres. 

Tobacco necrosis virus (TNV) has a T = 3 capsid 
with a diameter of 28 nm. In infected plants it is often 

(a) 

Isometric viruses 

The simplest type of our molecular model for coat 
protein of an isometric virus is a dipolar sphere as 
shown in Fig. 1. Stable pentamer and hexamer 
configurations of such dipolar spheres are shown in 
the same figure. 

Fig. 1. Dipole sphere made of ferrite magnet and plastic pieces as 
a model of protein molecule, pentamer and a hexamer composed 
of such dipolar spheres. 

(b) 
Fig. 2. Isometric capsid structures simulated by the dipole-sphere 

model of the protein molecule. (a) The T =  1 assembly of 12 
pentamers. (b) The T = 3  assembly of 12 pentamers and 20 
hexamers placed on the surface of an icosahedron. 
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accompanied by the small T =  1 satellite virus 
(STNV) with a diameter of 18 nm (Chauvin, Jacrot 
& Witz, 1977). The ratio of the diameter of STNV to 
that of TNV is 0.64; this value is equal to the diameter 
ratio of two structures in Fig. 2 composed of our 
molecular models. 

Thus the capsid structure of these isometric viruses 
can be represented by an assembly of dipolar spheres. 
This fact indicates that the coat protein molecule has 
an appreciable electric dipole moment for these 
viruses. In other words, the polar characteristic of the 
coat protein molecule plays an essential role in 
stabilizing the capsid structure. 

Tobacco mosaic virus 

TMV is a narrow rigid rod, 18 by 300 nm, given by 
a helical aggregation of about 2130 identical protein 
molecules. The helix is fight-handed (Finch, 1972). 
The virus rod has an axial channel 4 nm wide, and 
RNA lies within a groove of the protein helix with a 
diameter of 8 nm. Thus, one turn of the helix consists 
of 16+1/3 protein molecules; and 130 turns make 
the whole length of the virus rod. There are 49 nucleo- 
tides in one turn of the RNA helix, or three nucleo- 
tides per protein molecule. 

The single molecule of the coat protein consists of 
158 amino-acid residues. Both the N and the C termini 
are at the surface of the virus rod. The molecule is 
sector shaped with an angle of about 22 ° . It extends 
radially from 2 to 9 nm and is 2.5 nm high. There is 
a groove at a radius of 4 nm. 

The protein molecule can aggregate in solution in 
various ways (Durham et al., 1971; Richards & Wil- 
liams, 1976). The double disk containing two rings 
of 17 molecules is of partucular interest. In the disk, 
the polypeptide chain is flexible below a radius of 

(a) 

(b) 

(c) 
Fig. 3. (a) Four tr-helix rods in the protein molecule of TMV at 

radii 5.7-6.0nm. (b) Loose packing of the molecules in the 
double disk of TMV protein. (c) Closest packing of the protein 
molecules in the virus. (Modified from Champness et  al., 1976.) 

about 4 nm (Jardetzky, Akasaka, Vogel, Morris & 
Holmes, 1978). In the rest of the molecule the chain 
is folded into four rod-like a-helices approximately 
in radial direction to and from the virion axis. 

The packing of protein molecules has been eluci- 
dated by Champness, Bloomer, Bricogne, Butler & 
Klug (1976) as follows. The two rings of the disk 
have a relative azimuthal displacement of about one- 
fifth subunit to the fight, whereas the 16-fold helix 
family in the virus has a one-third subunit displace- 
ment to the left between turns. Thus, the geometry 
of axial contacts between two rings of the disk is quite 
different from that between successive turns of the 
virus helix. The molecules are well packed laterally 
within a layer of the disk, but the packing is loose 
between layers. If, however, we apply the appropriate 
displacement of one layer such that the surface net 
of the disk is converted to that of the virus, the layers 
now fit tightly. Fig. 3 is taken from the paper by 
Champness et al. T h e  four main polypeptide helices 
are also illustrated. 

Arg 

List II 11 
I I T M v  

Asp 

50 100 1 0 

Fig. 4. The distribution of acid residues, Asp and Glu, and basic 
residues, Arg and Lys, in the polypeptide chain of coat protein 
of TMV. 

(a) 

p • 

~- , q ~ n ~  ,,,d 

(b) 

Fig. 5. (a) A simple molecular model of TMV protein. A disk of 
ferrite magnet is placed diagonally in the model. (b) The double- 
disk structure of TMV protein simulated by simple molecular 
models. 
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On the basis  of  the amino-ac id  sequence in TMV 
protein as es tabl ished by Funatsu ,  Tsugita & Fraen- 
kel-Conrat  (1964) and  by Anderer ,  Wi t tmann-Liebo ld  
& Wi t tmann  (1965), we draw in Fig. 4 the dis t r ibut ion 
of  the acid residues,  Asp and  Glu,  with negative 
electric charge,  and of  the basic  residues,  Arg and  
Lys, with positive charge, The dis t r ibut ion of  basic  
residues is relatively dense in a region of  residues 
38-61 from the N terminus ,  which corresponds to the 
upper-f ight  b ranch  (in Fig. 3a)  at radii  4 .7-8-0 n m  
of  the four main  po lypept ide  helices. In other words, 
the protein molecule  has an electric d ipole  in the 
direction f rom lower left to upper  fight, an electric 
quadrupole  superposed  on the d ipole  being 
neglected. 

The s implest  type of  our two-d imens iona l  
molecular  mode l  of  T M V  protein is shown in Fig. 
5(a)  A disk-shaped ferrite magnet  is p laced 
diagonal ly  in a square f rame made  of  cardboard.  By 
assembl ing such molecu la r  models  we obtain the 

(a) 

(b) 

i 

(c) 
Fig. 6. (a) A refined molecular model of TMV protein. (b) 

Assembly of the molecular models that simulates the double 
disk of TMV protein. Note that this is not a closest-packing 
structure. (c) A closest-packing structure to which the structure 
(b) can be converted by force. This simulates the capsid structure 
of TMV. 

structure shown in Fig. 5(b), in which ' the relative 
d i sp lacement  of  about  one-fifth subuni t  to the fight '  
is clear. 

In order  to see the d i sk-he l ix  (or loose-t ight)  poly- 
morph i sm,  we refine the shape of  our molecular  
model  (Fig. 6a )  taking the actual shape (as shown in 
Fig. 3) into account.  Then  the structure into which 
the models  are assembled  is not closest packing (Fig. 
6 b). By appropr ia te  d i sp lacement  of  one layer relative 
to the other, it is converted to a closest-packing struc- 
ture shown in Fig. 6(c), in which ' the relative displace- 
ment  of  one- thi rd  molecule  to the left' is clear. Since 
the ord inary  van der Waals  attraction should favor 
the closer structure, the two structures are considered 
to have near ly  equal  potent ial  energies. 

Thus we draw the fol lowing conclusion.  The one- 
fifth subuni t  d i sp lacement  to the fight between rings 
in a double  disk and  the one-third subuni t  displace- 
ment  to the left between turns in a helix are nearly 
even with respect  to the sum of  the electrostatic inter- 
act ion and  the van der Waals  attraction. 

The se l f -assembl ing molecular  model  of  TMV pro- 
tein enables  one by intuit ive percept ion to unders tand 
the structure of  the capsid  and  that of  the double  disk. 

I thank  Professor Akiyoshi  Wada,  Professor 
Yoshimi  Okada  and  Dr Isao Katsura,  at the Univer- 
sity of  Tokyo,  for m a n y  helpful  discussions. 
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